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Amethod is presented that allows one to predict the maximum lift coefficient for a finite wing from knowledge of

wing geometry andmaximumairfoil section lift coefficient. This approachapplies towings of arbitrary planformand

includes the effects of twist and sweep. The method uses a correlation obtained from grid-resolved computational

fluid dynamics solutions for 25 different wing geometries. These wings had aspect ratios ranging from 4 to 20, taper

ratios from 0.5 to 1.0, quarter-chord sweep angles from 0 to 30 deg, and linear geometric washout ranging from 0 to

8 deg. For this range of parameters, the ratio of maximum wing lift coefficient to maximum airfoil section lift

coefficient varied fromabout 0.70 to 0.98,with high-aspect-ratio taperedwings producing the highest values and low-

aspect-ratio wings with washout and sweep producing the lowest values.

Nomenclature

CL = wing lift coefficient
~CL = local airfoil section lift coefficient
CLmax

= maximum wing lift coefficient
~CLmax

= maximum airfoil section lift coefficient
CL;� = wing lift slope
~CL;� = airfoil section lift slope
i = spanwise grid index integer
j = streamwise grid index integer
k = radial grid index integer
M = Mach number
R = Reynolds number
RA = wing aspect ratio
RT = wing taper ratio
y� = shear Reynolds number for the grid layer next to the

airfoil or wing surface
�Ls = stall factor in the relation for maximum lift coefficient
�L� = sweep factor in the relation for maximum lift

coefficient
�L� = twist factor in the relation for maximum lift coefficient
� = quarter-chord sweep angle
� = total wing twist angle from the root to the wingtip

Introduction

M ANY facets of aircraft design and performance prediction
require knowledge of the maximum lift coefficient that can be

developed by a lifting wing before stall. Generally, the local section
lift coefficient is not constant across the span of a wing. Thus, the
maximum lift coefficient that can be generated by a wing is typically
less than the maximum section lift coefficient for the airfoil section
used to form thewing. For these reasons there is considerable interest

in the determination of the maximum lift coefficient for finite wings
[1–7].

One method commonly used to help control the stall
characteristics of a wing involves the introduction of wing twist.
For untwisted wings with taper and/or sweep, the wing section that
supports the maximum section lift coefficient is located outboard
from the wing root. This can interfere with roll control during stall
recovery and give the aircraft poor handling characteristics.Washout
is commonly added to such wings to alleviate this problem.
Furthermore, with proper implementation, wing twist can be used to
reduce drag [8–10] or increase the total lift that can be developed on a
wing before stall [11]. Thus, it is important to be able to predict the
effects of wing twist on maximum lift coefficient.

For a finite wing of arbitrary planform and twist, Prandtl’s lifting-
line theory [12,13] can be used to predict the wing lift coefficient that
is developed at the onset of airfoil section stall [11]. This is
accomplished by integrating the predicted section lift distribution
over the span of the wing, with the root angle of attack set to that for
which the maximum wing section lift coefficient is equal to the
maximum possible airfoil section lift coefficient. Such lifting-line
analysis results in the relation

CL
~CLmax

�
�
CL
~CLmax

�
��0
��0

�L�

�
1 � �L�

CL;��

~CLmax

�
(1)

In this relation, twist is treated as positive at outboard sections of the
wing having a lower aerodynamic angle of attack than the root and
negative at sections with a higher aerodynamic angle of attack than
the root (i.e., washout is defined to be positive twist). Thefirst term on
the right-hand side of Eq. (1) is the ratio of the total wing lift
coefficient to the maximum section lift coefficient for a wing having
the same planform but without twist or sweep. This ratio can be
determined as a function of wing planform from results presented by
Phillips andAlley [11]. The sweep factor �L� and the twist factor �L�
can also be evaluated from knowledge of the wing geometry using
results presented in [11].

Using the maximum airfoil section lift coefficient in Eq. (1) gives
an estimate for the wing lift coefficient at the onset of airfoil section
stall. At higher angles of attack, separated flow will exist over some
sections of the wing and drag will be substantially increased.
However, the lift coefficient predicted from Eq. (1) is not exactly the
maximum wing lift coefficient. Viscous interactions between
adjacent sections of the wing can initiate flow separation at slightly
lower angles of attack than predicted by Eq. (1). Furthermore, as the
angle of attack is increased somewhat beyond that which produces
the onset of airfoil section stall, the section lift coefficient on the
stalled section of the wing will decrease. However, the section lift
coefficient on the unstalled sections of the wing will continue to
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increase with angle of attack until the maximum section lift
coefficient is reached on these sections as well. Thus, the maximum
wing lift coefficient could differ slightly from that predicted by
Eq. (1). To account for these effects, results predicted from Eq. (1)
could be modified by including a stall correction factor,

CL
~CLmax

�
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~CLmax

�
��0
��0

�Ls�L�

�
1 � �L�

CL;��

~CLmax

�
(2)

The purpose of the research investigation reported herein was to use
computational fluid dynamics (CFD) to develop an algebraic
correlation for the stall factor �Ls as a function of appropriate
geometric parameters for wings with linear taper and linear twist.

Computational Methodology

Because Eq. (2) expresses the maximum wing lift coefficient in
terms of the maximum airfoil section lift coefficient, developing a
correlation for �Ls requires knowledge of the maximum 2-D airfoil
lift coefficient as well as themaximum 3-Dwing lift coefficient, both
evaluated for the same Reynolds and Mach numbers. Such results
could be obtained from either experimental data or computational
methods. For the results presented here, CFD solutions were used.

The NACA 0012 airfoil was chosen as the base airfoil section for
the 2-D and 3-D computations. All calculations were performed
using version 6 of the computational fluid dynamics code CFL3D
[14]. This is a structured-grid, multizone code that solves the three-
dimensional, time-dependent, Reynolds-averaged, Navier–Stokes
equations using an upwind finite-volume formulation. The code uses
a third-order upwind biased interpolation scheme for the convective
and pressure terms. Local time stepping, mesh sequencing, and low-
Mach-number preconditioning were also used. The Spalart–
Allmaras turbulence model [15] was used for all computations and
all results were obtained for a freestreamMach number of 0.25 and a
freestream Reynolds number of 3:0 � 106.

For predicting the 3-D wing lift coefficients used in the present
study, all computations were performed using C–O grids generated
about one semispan of a finite wing. Inflow/outflow boundary
conditions were specified on the far-field planes and symmetry
conditions were used along the bounding plane at the wing root. No-
slip boundary conditions were specified on the wing surface. To
ensure that the 3-D solutions for maximumwing lift coefficient were
grid-resolved, initial computations were made starting with a grid
previously demonstrated to give grid-resolved solutions to the Euler
equations [10]. This Euler grid was chosen as a starting point to
ensure that the wingtip vortex and resulting downwash were
adequately resolved. For this C–Ogrid, nodeswere distributed over a
computational domain that extended 10 chord lengths from the wing
in all directions. Nodes were clustered in the chordwise direction
near the leading and trailing edges of the wing and in the spanwise
direction near the wingtip. Nodes were also clustered in the wake
region aft of the wingtip, to provide improved resolution of the
wingtip vortex. For the initial viscous computations, the Euler grid
was refined in the region close to the wing so that the normal grid
spacing at the wing surface was reduced to 1:0 � 10�5 chord lengths.
The refinement was carried out by increasing the number of radial
nodes and adjusting the radial growth factor in the region close to the
wing, so that first-order grid smoothness was retained as the normal
grid spacing in the boundary layer was reduced. This initial grid was
then further refined iteratively, using a similar procedure, until no
significant changewas observed in the solution for the angle of attack
corresponding to the maximum wing lift coefficient. In all cases, the
average y� value for the surface boundary elements of the final grid
was on the order of 1. Figures 1–5 show several sections of a typical
grid developed in this manner. To aid in visibility, only every fourth
node in all three directions is shown in Figs. 1–3 and only the odd
nodes in all three directions are shown in Figs. 4 and 5. This C–Ogrid
has 121 spanwise sections with 385 nodes spaced around the
circumference of each wing section. An additional 160 streamwise
nodes are included in the trailing wake for each spanwise section. A

total of 233 radial layers are used to create this 121 � 545 � 233C–O
grid containing 15,365,185 nodes.

To evaluate grid resolution and for use in mesh sequencing, a
family of four similar grids was generated from the initial refined
grid, which was developed as described earlier and is hereafter
referred to as the fine grid. To create the four-grid family, a medium
grid was next generated by removing every other point in each
coordinate direction from the fine grid. A coarse grid was then
generated by similarly removing every other point from the medium
grid. Finally, an extra-fine grid was generated by globally refining
the coarse grid by a factor of 6 in each coordinate direction. Typical
results of a 3-D grid-convergence study obtained from this family of
grids are shown in Fig. 6. From these results, the lift coefficient
solutions obtained from the fine grid and displayed as small filled
circles are shown to be grid-resolved for those angles of attack less
than or equal to that which produces the maximum wing lift
coefficient. For the results obtained with this C–O grid at the angles
of attack shown in Fig. 6, the average y� values for the surface
boundary elements ranged from 1.12 to 1.22. The y� values given in
Fig. 6 are the average values for the angle of attack that produced the
maximum wing lift coefficient.

Fig. 1 Constant-i planes for a typical C–O grid.

Fig. 2 Constant-j planes for a typical C–O grid.
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In addition to the grid-convergence studies discussed earlier,
which were performed on a fixed computational domain extending
10 chord lengths from the wing in all directions, a larger
computational domain was also used for a subset of the 3-D
calculations. Results obtained for this larger computational domain,

which extended 20 chord lengths from the wing, revealed changes in
the lift coefficient of less than 1% when compared with results
obtained from the 10-chord domain. This comparison for a typical
wing is shown in Fig. 7. Based on these and other similar results, the
10-chord domain was deemed sufficient for the remainder of the
computations.

Determining the ratio of maximum lift coefficients expressed in
Eq. (2) requires evaluating the maximum 2-D airfoil section lift
coefficient as well as the maximum 3-D wing lift coefficient. To
ensure that the 2-D solutions were also grid-resolved, grid-

Fig. 3 Constant-k planes for a typical C–O grid.

Fig. 4 Constant-j planes at the trailing edge of the wingtip and
constant-k plane on the wing surface.

Fig. 5 Constant-i plane at the base of the end cap and constant-k plane
on the end cap surface.
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convergence studies similar to those described for the 3-D
computations were carried out for the 2-D computations as well.

It is essential that the 3-Dwing computations are carried out for the
same Reynolds and Mach numbers as used for the 2-D airfoil
computations. For the case of a rectangular wing this is rather
straightforward. However, for a tapered wing the section Reynolds
number is not constant across the wingspan. This gives rise to an
important question as to what characteristic length should be used to
define the Reynolds number associated with predicting the
maximum lift coefficient for a tapered wing.

Two different chord lengths are commonly used as the streamwise
characteristic length for a finite wing. The simplest of these is the
arithmetic mean chord, i.e., the wing planform area divided by the
wingspan. The other is what is commonly called the aerodynamic
mean chord, which is defined to be the chord length at the spanwise
coordinate that corresponds to the aerodynamic center of the wing
semispan. Neither of these two definitions provides a particularly
suitable characteristic length for defining the Reynolds number
associated with wing stall. A more appropriate characteristic length
for this purpose is the chord length at the spanwise coordinate that
supports the maximum airfoil section lift coefficient.

The spanwise position of the maximum section lift coefficient at
the onset of airfoil section stall depends on wing taper, twist, and
sweep. For an untwisted rectangular wingwith no sweep, the onset of
airfoil section stall occurs at the wing root. As wing taper ratio is
decreased from 1.0, the point of maximum section lift coefficient
moves outboard from the root. Adding sweep to the wing alsomoves
the point of maximum section lift coefficient outboard. On the other
hand, adding washout to a wing with taper and/or sweep moves the
point ofmaximum section lift coefficient inboard. Lifting-line theory
can be used to predict the spanwise coordinate of the wing section
that supports the maximum airfoil section lift coefficient [11].

For the computations used in the present study, the characteristic
length specified for computing the Reynolds number was the chord
length at the wing section that carries the maximum section lift
coefficient, as predicted by lifting-line theory. For each wing
considered, the root chord was adjusted as a function of taper, twist,
and sweep so that all wings had the same chord length at the spanwise
position of the maximum section lift coefficient. This same chord
length was also used in the 2-D computations for the maximum
airfoil section lift coefficient. Figure 8 shows typical grid-

convergence results for a tapered wing with linear washout, as
obtained using this method for defining the Reynolds number.

Results

Although the results shown in the preceding section indicate that
grid-resolved CFD solutions have been obtained for the Reynolds-
averaged Navier–Stokes equations combined with the Spalart–
Allmaras turbulence model, this grid-convergence study gives no
insight into the accuracy of the solutions. In Fig. 9 the 2-D solutions
are compared with experimental data reported by Abbott and Von
Doenhoff [16]. This figure is presented here only to show that the
CFD results are reasonable for a Reynolds number of 3:0 � 106. In
the present study, we made no attempt to evaluate the dependence of
maximum wing lift coefficients on wing geometry for a broad range
of Reynolds and Mach numbers. However, for this investigation we
are interested only in evaluating the low-Mach-number ratio of a 3-D
maximum wing lift coefficient to the corresponding 2-D maximum
airfoil section lift coefficient. Because changes in the Reynolds
number at low Mach numbers should affect the 2-D and 3-D lift
coefficients in a similar manner, Reynolds number dependences

should not greatly affect the ratioCLmax
= ~CLmax

, provided that the same
Reynolds and Mach numbers are used for both computations. When
compared with experimental data for airfoil sections of widely
differing geometries [16], CFD results obtained using the Spalart–
Allmaras turbulence model were found to predict the maximum
section lift coefficient reasonably well for a Reynolds number of
3:0 � 106. At higher Reynolds numbers the agreement was not as
good, in spite of the fact that the grids were refined to maintain grid
resolution and keep the y� values on the order of 1. For this reason,
and because higher Reynolds numbers require finer grids, the
freestream Reynolds number was fixed at 3:0 � 106 for the
computations used in the present study to evaluate �Ls.

To obtain some insight into the accuracy of the 3-D computations,
Fig. 10 shows a comparison between grid-resolved CFD solutions
and experimental data reported by Fitzpatrick and Schneider [5]. The
wing used for this comparison had an aspect ratio of 6.0, a taper ratio
of 0.5, a quarter-chord sweep of 3.18 deg, and 1.5 deg of linear
washout. Both the CFD solutions and the experimental data were
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obtained for a freestream Reynolds number of 3:15 � 106 and a
freestream Mach number of 0.10. The lifting-line solution shown in
Fig. 10 was obtained using an airfoil section lift slope predicted from
2-D grid-resolved CFD solutions for the NACA 64-210 airfoil.

For any particular wing geometry, the value of the stall factor �Ls,
as defined in Eq. (2), can be estimated from 2-D and 3-D grid-
resolved CFD solutions using the relation

�Ls �
CLmax

= ~CLmax

�CL= ~CLmax
���0
��0
�L��1 � �L��CL;��= ~CLmax

�	
(3)

where the numerator on the right-hand side of Eq. (3) is evaluated
from CFD computations and the denominator is evaluated from
lifting-line theory. For a wing of arbitrary planform and twist,
evaluating the denominator on the right-hand side of Eq. (3) from
lifting-line theory requires knowledge of the airfoil section lift slope
and the maximum airfoil section lift coefficient. The 2-D
computational results were also used for this purpose.

In the present study, the maximum wing lift coefficient was
determined from CFD solutions for 25 different wing geometries.
These wings had aspect ratios ranging from 4 to 20, taper ratios from
0.5 to 1.0, quarter-chord sweep angles from 0 to 30 deg, and linear
geometric washout ranging from 0 to 8 deg. For 24 of the 25 wings
theNACA0012 airfoil sectionwas used. The remainingwing,which
was that used to obtain the results shown in Fig. 10, had a NACA 64-
210 airfoil section. For each of these 25wings, the stall factor �Lswas
evaluated from the CFD results using Eq. (3). The outcome revealed
that the geometric parameters having the most significant effect on
�Ls were the aspect ratio and wing twist.

Figure 11 shows all of the results obtained in the present study,
plotted as a function of wing aspect ratio. The results obtained for
only the untwisted wings can all be correlated closely with the linear
relation

��Ls � 1���0 � 0:0042RA � 0:068 (4)

This correlation is also displayed in Fig. 11 as the solid line. From this
figure it is readily observed that the stall factors obtained for twisted
wings do not correlate well with Eq. (4). Thus, we can conclude that
wing twist also affects �Ls significantly.

The variation of �Ls with wing twist is more easily visualized from
Fig. 12. In this figure, �Ls � 1 divided by the right-hand side of
Eq. (4) is plotted as a function of dimensionless wing twist. The trend
line shown in Fig. 12 is given by the relation

�Ls � 1

0:0042RA � 0:068
� 1� 2:3

CL;��

~CLmax

(5)

Although the CFD results plotted in Fig. 12 are widely scattered
about this linear correlation, no other significant trends in the
computational results were observed. Furthermore, because the
overall effect of wing twist on �Ls is only on the order of 5% or less,
the scatter shown in Fig. 12 does not affect the accuracy of the final
correlation as much as might be expected.

Rearranging Eq. (5) provides a simple algebraic correlation for the
stall factor �Ls, which can be used in Eq. (2) to estimate themaximum
lift coefficient for wings with linear taper and linear twist,

�Ls � 1� �0:0042RA � 0:068��1� 2:3CL;��= ~CLmax
� (6)

Figure 13 displays a comparison between this correlation and the
grid-resolved CFD results obtained in the present study. In all cases
the correlation agrees with the results obtained from the CFD
computations to within about 
1 percent. This is certainly well
within the accuracy that can be expected for predicting flow
separation using computational fluid dynamics.

When the correlation expressed in Eq. (6) is used to estimate the
stall factor, and the result is used in Eq. (2) together with the lifting-
line results presented by Phillips and Alley [11], the ratio of the
maximum wing lift coefficient to the maximum airfoil section lift
coefficient can be estimated from knowledge of the wing geometry.

Root Angle of Attack (degrees)
0 5 10 15 20

W
in

g 
L

if
t 

C
oe

ff
ic

ie
nt

0.0

0.5

1.0

1.5

lifting-line theory
CFD solution
experimental data [5]

RA =6.0, RT =0.5,

Λ =3.18º, Ω =1.50º

Fig. 10 Comparison between experimental data and CFD results for a

tapered wing of NACA 64-210 airfoil section operating at a freestream

Reynolds number of 3:15 � 106 and a freestreamMach number of 0.10.

Aspect Ratio
5 10 15 20

κ L
s

− 
1

-0.15

-0.10

-0.05

0.00

untwisted unswept rectangular wings
twisted unswept rectangular wings
untwisted unswept tapered wings
twisted unswept tapered wings
untwisted swept tapered wings
twisted swept tapered wings

Fig. 11 Effect of wing aspect ratio on the stall factor as obtained from

CFD solutions.

0.0 0.1 0.2 0.3 0.4

(κ
L

s
− 

1 )
/(0

.0
04

2
R

A
−

0.
06

8 )

0.0

0.5

1.0

1.5

2.0

untwisted unswept rectangular wings
twisted unswept rectangular wings
untwisted unswept tapered wings
twisted unswept tapered wings
untwisted swept tapered wings
twisted swept tapered wings

CL,α Ω   CL/ max

~

Fig. 12 Effect of wing twist on the stall factor as obtained from CFD

solutions.

ALLEY, PHILLIPS, AND SPALL 915



Figure 14 shows a comparison between results obtained from Eq. (2)
and the CFD results obtained in the present study. For the range of

wing parameters investigated, the ratio CLmax
= ~CLmax

varied from
about 0.70 to 0.98, with high-aspect-ratio tapered wings producing

the highest values. The lowest values of CLmax
= ~CLmax

occurred for
low-aspect-ratio wings with a high degree of washout and/or sweep.

From the results plotted in Fig. 13, it can be seen that the stall factor
correction predicted fromEq. (6) is less than 10%.Thus, a reasonable
first approximation for the maximum wing lift coefficient could be
obtained directly from lifting-line theory, by neglecting the stall
factor completely. Figure 15 shows a comparison between the CFD
results obtained in the present study and such lifting-line results,
obtained from Eq. (2) with �Ls � 1:0.

Conclusions

The correlation presented in Eq. (6) can be combined with results
obtained from lifting-line theory to provide an improved relation for
estimating the maximum wing lift coefficient from known wing
geometry and airfoil section properties. Results predicted from this
algebraic relation agree with the CFD results obtained in the present

study to within
1 percent. As might be expected, wing aspect ratio

has the greatest effect on the ratio CLmax
= ~CLmax

, with this ratio
approaching unity for very high-aspect-ratio wings. With all other
things being equal, tapered wings exhibit a higher ratio of maximum
wing lift coefficient to maximum airfoil section lift coefficient than
do rectangular wings. On the other hand, both washout and sweep
tend to reduce the maximum lift coefficient that can be developed on
a finite wing with a given spanwise chord-length distribution and
airfoil section properties.

Using lifting-line theory to estimate maximum wing lift
coefficient provides a tremendous computational savings compared
with the requirements for obtaining grid-resolved CFD solutions. In
the present study, we were unable to develop a structured C–O grid
with less than 15 million nodes per semispan, which would produce
grid-resolved CFD solutions at a Reynolds number of 3:0 � 106 and
the angle of attack that resulted in the maximumwing lift coefficient.
For lower angles of attack, much coarser grids were found to give
grid-resolved solutions. At post-stall angles of attack or higher
Reynolds numbers, even finer grids were required.
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Fig. 14 Ratio of the maximum wing lift coefficient to the maximum
airfoil section lift coefficient, as predicted from Eq. (2), compared with

results predicted from CFD solutions in the present study.
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Fig. 15 Ratio of the maximum wing lift coefficient to the maximum

airfoil section lift coefficient, as predicted from Eq. (2) with the stall

factor set to 1.0, compared with results predicted from CFD solutions in
the present study.
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